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Abstract 



We consider charge superselection sectors of two-dimensional quantum 
spin models corresponding to cone localisable charges, and prove that the 
number of equivalence classes of such charges is bounded by the Kosaki- 
Longo index of an inclusion of certain observable algebras. To demonstrate 
the power of this result we apply the theory to the toric code on a 2D 
, infinite lattice. For this model we can compute the index of this inclu- 

■ sion, and conclude that there are four distinct irreducible charges in this 

model, in accordance with the analysis of the toric code model on compact 
surfaces. We also give a sufficient criterion for the non-degeneracy of the 
charge sectors, in the sense that Verlinde's matrix S is invertible. 

> 

O ■ 1 Introduction 

. Over the last decade the interest in quantum systems which exhibit (quasi)par- 

' tide excitations with anyonic or braided statistics has greatly increased. One of 

. the driving forces behind this is the realisation that such systems may be useful 

' for quantum information. In particular, topological features of such excitations 

are thought to be helpful in protecting the storage of quantum information from 
interactions with the environment, or to implement inherently fault-tolerant 
quantum circuits [H [TSl HH] • In recent work we have started to investigate a 
' framework to obtain all relevant properties of such excitations from first prin- 

, ciples [251 126j , where the focus is on the thermodynamic limit of quantum spin 

models. Essentially, the excitations can be described by certain representations 
of the observable algebra. 

In concrete models it is often possible to explicitly construct such representa- 
tions for different types of excitations (or charges). A natural question is then if 
one has found all such excitations. In the present work we show that this ques- 
tion can be answered by looking at a certain numerical value, the Kosaki-Longo 
index, associated to inclusions of certain von Neumann algebras generated by 
observables. 

This index is related to the index that Jones introduced for inclusions ^Tl C IDt 
of Type III von Neumann algebras [12 • Kosaki later extended Jones' notion of 
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an index to inclusions of arbitrary factors [TB]. A different approach to define 
the index was taken by Longo, who also studied connections with the "statistical 
dimension" of superselection sectors in quantum field theory [501 HI] ■ One can 
show that the Kosaki and Longo indices coincide, and we will henceforth call it 
the Kosaki-Longo index. A review of the subject can be found in [T7| . 

To recall the definition of this index, consider a subfactor *Tt C dJl. We will 
always assume that and S!Jt are infinite factors, and for our purposes we can 
restrict to irreducible inclusions, that is, inclusions for which 9}tn W = CI. The 
subfactor 01 C 93T has finite index if there is some A > and a faithful normal 
conditional expectation £ oi DJl onto such that 

£{X)>\X foranXeOT+. 

The index is then defined as [DJl : *Jt]£ — X~^, where A is the best such constant 
satisfying the inequality. If the inclusion has finite index, there is in fact a 
unique conditional expectation £ that minimizes : 7l]£ by [501 Thm. 5.5], 
and we will denote the corresponding index by [931 : 91]. If such a conditional 
expectation does not exist, we set [971 : 91] = oo. 

Here we will be interested in the Kosaki-Longo index for certain inclusions 
of observable algebras. More concretely, we consider quantum spin models on 
infinite 2D lattices. Consider an irreducible ground state (with respect to some 
dynamics) representation ttq of a C*-algebra 21 of observables, satisfying some 
technical properties that we will explain laterQ Let F be the union of two 
disjoint (and sufficiently far removed) cone-like regions. Then one can associate 
a von Neumann algebra TZ{r) := 7ro(2t(r))" to this region, generated by all 
observables localised in F. Similarly one defines 7^(F) :— 7ro(2l(F^))' D 7^(F), 
where F'^ is the complement of F. To such inclusions of von Neumann algebras 
one can associate an index as above. The main goal of the present work is 
to show that this quantity tells us something about the number of elementary 
excitations (or charges) of our quantum spin model. Our methods are inspired 
by similar results that have been obtained in the context of (rational) conformal 
field theory on the circle |14j . 

The essential connection between the Kosaki-Longo index and the number of 
distinct charges of the system is facilitated by identifying the different charges 
as (equivalence classes of) endomorphisms of the observable algebra. In essence, 
these endomorphisms describe how the observables in the ground state are mod- 
ified in the presence of a single excitation in the system. Such endomorphisms 
are particularly suited to topological models where excitations are created in 
pairs connected by a string. A prominent example is Kitaev's quantum double 
model jl5j . The endomorphisms are then obtained essentially by sending one 
excitation of the pair to infinity, c.f. [25]. Different types of excitations lead 
to inequivalent endomorphisms. The corresponding equivalence classes of rep- 
resentations obtained from these endomorphisms arc also called superselection 
sectors [TU] . 

Another interesting and important question is what the statistics of the 
excitations are. Or in other words, how do they behave under interchange? Two 
dimensional models are especially intersting in that respect, since there one can 
in principle have anyonic or braided statistics that go beyond the traditional 
Bose/Fermi (para)statistics [TIHH]- The properties of the mutual statistics of 

^In particular Haag duality and the distal split property for cones. 
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the charges can be encoded m the "modular matrix" S [31]. If this matrix 
S is invertible, the behaviour is as far away as possible from the Bose/Fermi 
alternative. This can be interpreted as a certain non-degeneracy condition. Here 
we will give a sufficient criterion for S to be invertible, stated only in terms of 
certain observable algebras. This generalises a result of Miiger for quantum field 
theories on the line [23]. In contrast to the quantum field theory case, 2D lattice 
systems appear to be more amenable to a direct verification of this criterion. 
For example, the proofs in Sect. 3] of the present paper immediately imply that 
this condition is satisfied for the toric code. 

The outline of the paper is as follows. First we will state the framework in 
which we will work in Section [2] In Section |3] the global index associated to 
certain observable algebras is defined, and sonic properties are discussed. In 
Section H] the theory wiU be applied to Kitaev's toric code model: in particular 
we show that we have a complete classification of the charges in that model. 
Finally, in the last Section we give a sufficient criterion for the non-degeneracy 
of the charges. 

2 Charges in 2D spin models 

In this section we will outline the mathematical framework that we will use. For 
the sake of concreteness, and because of the application that we consider later, 
we assume that we have a 7? lattice. Both directions in the lattice are seen 
as spatial directions. The continuous time direction only plays a minor role in 
our analysis. The edges between neighbouring vertices of the lattice are called 
bonds. The set of bonds will be denoted by B. We assume that at each bond 
there is a quantum system with finitely many degrees of freedom, for example 
a spin-c? system. One can easily generalise this to more complicated situations, 
but this will suffice for us. 

Note that we are dealing with systems with infinitely many sites. Such 
systems can conveniently be described in the C*-algebraic approach to quantum 
systems [3] Hj . We recall the essential points here. At each bond b the quantum 
system is described by a d-dimensional Hilbert space, with algebra of observable 
2l({6}) = Mrf(C). The observable algebra of a finite set A G P/(B) of sites, 
where Vf(B) is the set of all finite subsets of B, is obtained as usual: 21(A) := 
(S'jeA ^({i})- Hence it is isomorphic to the tensor product of |A| copies of 
Md{C). 

The assignment A h-> 2t(A) of algebras to finite regions of the system has 
two important properties. If Ai C A2 are finite subsets of B then there is a 
natural inclusion 2l(Ai) ^ 2t(A2) of the corresponding observable algebras, by 
tensoring with identity matrices. If Ai H A2 = 0, one has the locality property: 
[2l(Ai), 2l(A2)] = {0} (viewed as subalgebras of 21(A) for some sufficiently large 
set A). This makes the assignment A 2t(A) into a local net. The quasi- 
local algebra 21 is obtained by taking the union of all the local algebras, and 
completing with respect to the natural norm to obtain a C*-algcbra|3 Similarly, 
if A is any (possibly infinite) subset of B, the corresponding quasi- local algebra 

^More abstractly, one can take the inductive limit of the net in the category of C*-algebras. 
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is defined by 

—j IMI 

2t(A)= U ^(^) ■ 

A/CA 

The union is over all finite subsets of A and the bar denotes closure in the norm 
topology. 

So far the set-up has been very general. To recover the usual Hilbert space 
description of quantum mechanics we consider representations of 21. A C*- 
algebra 21 generally has many different inequivalent representations, and many 
of those are not physically relevant (for example because the energy is not 
bounded from below). A natural choice is to consider ground state representa- 
tions with respect to the dynamics of some model we are interested in. Let us 
write TTo for such a choice of ground state, where we take ttq to be irreducible. 
Such a representation can be obtained by applying the GNS construction to 
a pure ground state. The main interest in the present paper are the elemen- 
tary excitations or charges with respect to this ground state. In the spirit of 
the Doplicher-Haag-Roberts (DHR) program in algebraic quantum field the- 
ory [1^ , these correspond to inequivalent irreducible representations, that look 
like the ground state representation outside certain regions. In particular, we 
will restrict our attention to representations satisfying the following selection 
criterion: 

TTO r 2l(A-) = TT f 2t(A=), (2.1) 

for all cones A, where A"^ denotes the complement of A in the set of bonds. 
By a cone we mean the following: consider a point in the plane, and consider 
two semi-infinite lines emanating from it, with an angle smaller than tt between 
them. If we embed the bonds of the system in the plane in the canonical way, 
the cone A consists of all those bonds which, when their endpoints are removed, 
intersect the area bounded by these two lines (see also Fig. [T] in Section 0]). 

In words, the criterion (j2.1|) selects those representations of 21 that arc uni- 
tarily equivalent to the ground state representation ttq when restricted to ob- 
servables outside arbitrary cones A. Note that this is similar to the selection 
criterion used in the context of massive particles in algebraic quantum field the- 
ory [S]. The precise shape of the cones plays only a minor role (see also the 
comment after Definition 13. 5|) . but this choice is easy to visualise. 

In the present context, this selection criterion is motivated by the appear- 
ance of "stringlike" excitations in many models relevant for topological quantum 
computing [TTl [13 [HI [2S] . In these models excitations arc created in pairs, con- 
nected by a string. Such states depend only on the endpoints of the strings, 
hence one already observes some topological features. To consider a single ex- 
citation, one can move one end of the pair to infinity. Because of the topolog- 
ical feature mentioned before, the result should not depend on the direction in 
which we move the particle away. This is precisely captured by the selection 
criterion (j2.ip . This procedure has been worked out explicitly for the toric code 
model in pS] . 

The study of the charge superselection sectors hence amounts to studying 
the set of representations fulfilling the selection criterion. From a technical 
perspective it is however easier to work with endomorphisms of the observable 
algebra 21, instead of representations, because endomorphisms carry more struc- 
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turell This can be achieved with the help of Haag duality, whose definition we 
recall below. All physically relevant properties of the different charges, such 
as their braiding and fusion properties, can be recovered by the study of these 
endomorphisms. 

Another property that we will need is the distal split property. For the 
convenience of the reader we recall these definitions: 

Definition 2.1. Let A C B. Then the von Neumann algebra 7^(A) is defined 
by 7?.(A) = 7ro(2t(A))". We say that ttq satisfies Haag duality for cones if for 
each cone A C B one has 7^(A) = 7^(A'^)'. Here A'^ is the complement of A in 
the set of bonds B. Finally, ttq has the distal split property, if there is a relation 
■C on the set of cones with the following properties: Ai <C A2 implies Ai C A2 
and if Ai < A2, then there is a Type I factor TV such that TZ{Ai) C TV C 7?.(A2). 

Our analysis requires both Haag duality and the distal split property, and 
from now on we will assume that ttq has these properties. In the case of the 
toric code, there is a unique (and pure) ground state [T]. The corresponding 
GNS representation ttq satisfies both Haag duality for cones and the distal split 
property P7] . 

It is instructive to recall how one can obtain endomorphisms from represen- 
tations. Let TT be a representation satisfying the selection criterion (j2.ip . and 
let A be a cone. Then there is a unitary operator V : Ho — > Htt such that 
ViToiA) = Tr{A)V for all A 6 2l(A=). Define p{A) := V*Tr{A)V, which is a 
representation of 21 on Ho ■ Now suppose that A is a cone containing A and let 
A e 2t(A) and B e 2t(A'=). Then 

t:o{B)p{A) = 7ro{B)V*7:{A)V = V*7TiBA)V = V*7r{AB)V = p{A)t:o{B). 

It follows that p{A) G TZiA")', hence in 7?.(A) by Haag duality. Note that 
p{A) = TTo{A) for all A S 2l(A'^), i.e. it acts trivially on observables localised 
outside the cone A. We therefore say that p is localised in A. To obtain an en- 
domorphism, one can show that in fact one can extend p to an cndomorphism of 
an auxiliary algebra 21^", containing the algebras TZ{A), c.f. The details 

are of only minor importance here: it is enough to restrict to endomorphisms 
of the form p : TZ{A) — > TZ{A) satisfying transportability. Here transportability 
means that for any other cone A, there is an cndomorphism a localised in A 
such that p{A) ~ V(j{A)V* for all A G 21 and some unitary V. Since the se- 
lection criterion (j2.ip holds for any cone A, it follows that the corresponding 
endomorphisms as obtained above are transportable. 

The index that we consider in the next section will give a bound on the num- 
ber of such localised endomorphisms modulo inner automorphisms (of TZ{A)). It 
is enough to consider irreducible morphisms, in the sense that yo(7?.(A))'n7^(A) = 
C. If p is obtained from an irreducible representation satisfying the selection 
criterion, it follows with the help of the localisation of p in A that p is irreducible 
in this sense, when restricted to TZ{A). The converse is also true (c.f. [5]). 

3 Global index 

In [2S] we identified a number of representations satisfying the selection cri- 
terion for the toric code. A natural question to ask is if these are in fact all 

^One can compose two endomorphisms, for example. 
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such representations. Following ideas of Kawahigashi, Longo and Miiger [Hj . 
who analysed the case of conformal field theories on the circle, we show that 
this question is related to the Kosaki-Longo index of certain inclusions of von 
Neumann algebras. 

At this point we first describe the type of algebras that we consider. The 
algebras are associated to certain regions that are unions of cones. 

Definition 3.1. Wc will write for the set of subsets Ai U A2 C B, where Ai 
and A2 are cones such that there is some cone A with Ai <C A and A2 C A*^. 

This condition ensures that we can apply the distal split property. It follows 
that for r e C^, we have TZ{T) = 7e(Ai) V 7^(A2) ~ 7e(Ai) 7e(A2) by the split 
property. The set plays the same role as the set I2 of pairs of intervals (on 
the circle) with disjoint closure in [Tl]. Note however that if F G C^, it is not 
true that the complement F'^ is in C^. 

To each F G we will assign an irreducible subfactor. To this end, define 
7^(F) := 7^(F=)'. Note that by locality we have 7^(F) C :^(F). If F would be 
a cone it follows by Haag duality that TZ{T) = 7?.(F), but for the union of two 
cones this inclusion is in general non-trivial. The next Lemma shows that this 
inclusion is indeed an irreducible subfactor. 

Lemma 3.2. Let F G C^. Then Ti{T) C 7?,(F) is an irreducible inclusion of 
factors. 

Proof. Let us first show that both von Neumann algebras are indeed factors. 
Since ttq is an irreducible representation, it follows that 7^(F) V7?.(F'^) = 
Note that {n{r) n n{Tyy = n{ry V n{r) d 7e(F^) V n{T). Hence TZ(T) is a 
factor. A similar argument holds for TZ{T'^), hence 7?.(F) is a factor, being the 
commutant of a factor. 

By a similar computation we have 

(TZ{ry n 7^(F)y = n{r) v niv") = ^{u). 

It follows that TZ{ry D 'Tl{T) = CI, that is, the inclusion is irreducible. □ 

The previous Lemma provides us with irreducible subfactors and leads nat- 
urally to our main numerical quantity of interest: the Kosaki-Longo index as- 
sociated to inclusions TZ{T) C 7?-(F). In principle this index can depend on the 
choice of F. However, the next lemma shows that it is monotonically increasing 
depending on the size of F. 

Proposition 3.3. Let F and F be elements of C^, such that F C F. Then 
[Ti{T) : TZ{T)] < [Rif) : TZ{f)]. 

Proof. We adapt the proof of [Ml Prop. 5] to the case at hand. Suppose that 
F = Ai U A2 G C^, and choose a cone A2 D A2 such that^F = Ai U A2 G C^. 
Without loss of generality we may assume that = [7?.(F) : 7^(F)] < 00. Let 
£p be the corresponding conditional expectation. We claim that restricts to 
a conditional expectation of 7^(F) onto Tl{T), hence 

[■^(F) : n{T)] < [n(r) -. n{f)] (3.1) 
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by the Pimsner-Popa inequality. It is enough to show that maps 7^(r) into 
7^(^). Note that :^(r) C n{Kl n A2)'. Since acts trivially on 7^(A^ n A2), it 
follows that 

£f{n{T)) c 7e(A^ n A2)' n n{f). 

We claim that the right-hand set is equal to 7?.(r), from which equation p.ip 
follows. To show this, note that by the split property we have 

■R{f) ~ 7^(Al) Cx)7^(A2). 

By locality it follows that n{Ki) C 7^(A^ n A2)'. Moreover, 

n{l2) n n{Ki n A2)' = (7e(A2)' v n{Ki n A2))' 
= {n{li) V 7^(A^ n A2))' = n{Kiy = n{K2), 

where we used Haag duality twice. The result then follows. □ 

Remark 3.4. This should be contrasted with the case of rational conformal field 
theory on the circle |14[ . There one considers two open intervals on the circle 
with disjoint closures, and associated algebras (in our notation) TZiT) and 7?.(r), 
with r = /i U /2 . Using the same proof as in the proposition above it follows 
that the index increases by increasing the intervals. However, in their case (the 
interior of) F'^ again consists of two open intervals. Using \Tl{T) : 7?.(r)] ~ 
[7?.(r)' : TZ{V)']. The index at the right hand side is in fact the index associated 
to the two intervals in and one can conclude that the index is constant. In the 
present situation, however, F'^ is not the union of two cones that are sufficiently 
separated, hence the split property cannot be used any more. 

Definition 3.5. Let ttq be a representation as above. Then we define the global 
index by /Ittq — suppg(j2 [7?.(r) : 7^(r)]. 

The restriction to regions of the from F = Ai U A2 is likely not essential. By 
looking at the proofs of Haag duality and the split property in the toric code [27| , 
as well as at the calculation of Utto in next section, it is apparent that the 
geometry of the cones is not important. What is needed for the regions Ai and 
A2 are (at least) the following properties. First of all, it should be possible to 
choose (dual) paths to infinity in the cones, per the construction of the different 
superselection sectors [25] . Secondly, they should be "wide" enough in the sense 
that any finite set of sites can be translated into the region. This ensures that 
the factors Ti-{T) are infinite^ And finally the regions Ai and A2 should not 
contain any "holes", so that there is only a boundary at the "outside" of the 
region. Hence the definition can be generalised!! but (at least for the toric code) 
we would not gain anything from it. 

Under suitable conditions one can define a conjugate for a charge sector, say 
represented by a localised endomorphism p, which we assume to be irreducible 
for simplicity. Such a conjugate p defines a numerical quantity, the statistical 
dimension (i(p), for the sector. If a conjugate can be defined, this number is 
finite, and in fact one has the remarkable relation c?(p)^ = \Ti{K) : p(7^(A))], if A 

*The index can be defined for finite factors as well (and indeed, it was first defined for 
subfactors of Type IIi), but there are technical differences between these cases. 
^The superselection criterion 1 12.11 1 should then be suitably modified as well. 



7 



is a cone containing the localisation region of p. This is well-known in algebraic 
quantum field theory [201 HI], but it is true in the present context as well. First 
note that p is injective, hence p{TZ{A)) is a factor, which by localisation and 
Haag duality is contained in 7^(A). For our purposes it is sufficient to restrict 
to the case where p \ TZ{A) is irreducible: piJZ{h))' n 7^(A) = C/. Hence in 
that case p{TZ{A)) C 7^(A) is an irreducible subfactor. The claim then follows 
by constructing a suitable conditional expectation in the following way. 

By the definition of a conjugate there are intertwiners R,R such that 
RA — J) o p[A)R and similarly for R. If such intertwiners exist, they can be 
chosen to satisfy R*R ~ R* R :~ d{p)I and R p{R) = R*'p{R) = I. The number 
d{p) is called the statistical dimension of p. and docs not depend on the choice 
of representative for the sector p. 

Now define a map E : n{A) p{Tl{,A)) by 

S{A) ■.^d{p)-'p{R*p{A)R). 

This is a normal completely positive map. Moreover, note that £{p(A)) = 
p{R*'p{p{A))R) = p{A), since p is a conjugate. Because p is an endomorphism, 
the bimodulc property is easily verified, and £ is seen to be a conditional ex- 
pectation. One can show that E{A* A) > d{p)~'^A*A (see e.g. [H Sect. 3]). 
The bound is satisfied by the projection Pp = d{p)~^RR . It follows that 
[n{A):p{n{A))] = d{pf. 

Conversely, if this index is finite, one can define a conjugate p [21j . where 
p : 7^(A) — > 7^(A). However, this docs not immediately give a localised and 
transportable endomorphism of 21, and hence a conjugate in the sense above. 
Essentially, what has to be shown is that the conjugate can be defined consis- 
tently for a larger localisation region A D A, and that by choosing an equivalent 
p = p localised in some other cone, the resulting conjugates are unitarily equiv- 
alent as well. We will not investigate the issue in more detail here, since it is 
not necessary for our purposes, but see e.g. [9j[22] for a similar problem in the 
context of algebraic quantum field theory. 

We are now in a position to state the main result: the global index 
allows us to give bounds on the number of supcrselection sectors. 

Theorem 3.6. The number of equivalence classes of representations satisfying 
the selection criterion is bounded from above by lp7r„\. If each sector has a 
conjugate, one has in fact that ^^d{pi)'^ < p^,,, where the sum is over the 
different equivalence classes of cone-localised transportable endomorphisms, and 
d{pi) is the statistical dimension of a representative pi. 

Proof. The first claim can be proven in essentially the same way as Lemma 13 
of [13]. As for the inequality, without loss of generality we can assume /ijro to 
be finite. One can then check that the proof of Corollary 10 in [13] works in the 
present setting as well. □ 

Remark 3.7. We would like to stress that the analysis can in principle be done 
for any model satisfying the assumptions, the most important ones being Haag 
duality and the distal split property for cones. Note for example that (local) 
Hamiltonians do not appear directly. One should note however that the repre- 
sentation TTo, being a ground state representation, does strongly depend on the 
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dynamics. Hence the Hamiltonian comes in precisely when selecting the repre- 
sentation ttq . In principle one can do the analysis with any representation ttq sat- 
isfying the assumptions (that is, not necessarily a ground state representation), 
but the physical interpretation is less clear in that case. An interesting open 
question is to classify all the (local) Hamiltonians whose corresponding ground 
state representations satisfy the conditions of Haag duality and the distal split 
property, and in addition give rise to non-trivial representations satisfying the 
selection criterion (|2.ip . 

4 The toric code 

In this section we apply the methods developed above to a specific model: Ki- 
taev's toric code [TS]. Again, we consider the model on an infinite 2D lat- 
tice [U [2S] . The assumptions of Haag duality and the distal split property for 
cones can be shown to hold in this model [27] . We first recall the most important 
features and definitions [T5j [25] . 

For our purposes it is enough to define the model on a square lattice, as in 
Sect. [5] At each bond of the lattice there is a qubit, hence the observables at 
each bond are the 2x2 matrices M2(C). A star s consists of bonds sharing 
the same vertex of the lattice as their endpoints. Similarly, a plaquette consists 
of those four bonds that enclose a square. To each star s and plaquette p we 
associate the operators 

^:=(g)aj, Bp:=(g)a|. 

jes j£p 

With this notation we can introduce the local Hamiltonians H/^, describing the 
dynamics. If A e Vf^B), then 

sCA pCA 

The model has a unique pure ground state cjq for these dynamics [T] . We denote 
(770,7^,^2) for the corresponding GNS representation. Since 21 is simple, ttq is 
injective and we will often identify 7To{A) with A. The ground state is invariant 
under the action of the star and plaquette operators, Agfi = Bpfl = Q. 

Let ^ be a set of bonds forming a path on the lattice. Let ^ be a path on 
the dual lattice. We will identify ^ with all the bonds that the path on the dual 
lattice crossed. For finite paths (or dual paths), we introduce the operators 

It is easy to check that these operators commute with all star and plaquette 
operators, except with those stars which are based at the endpoints of the path 
or those plaquette operators associated to the endpoints of ^. It is then easy 
to check that F^U is again an eigenvector of the local Hamiltonians, and F^fl is 
interpreted as a state with two excitations at the endpoints of ^. 

Two important properties of these path operators that we will frequently 
use are that F^U = F^iil if the (dual) paths ^ and have the same endpoints. 
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and that F^fl = if ^ is a loop. The distinction between paths and dual paths 
is often not important, hence we will usually not distinguish them in the sequel. 
If A C B is any subset of bonds, we write p(A) for the set of finite paths and 
dual paths inside A. 

To illustrate the general theory of the previous section, the aim here is to 
calculate the index [TZ{T) : 7^(r)] for this model. This requires a good under- 
standing of the algebra 7?.(r). Using similar techniques as developed in [57], we 
can prove that this algebra can easily be described in terms of 7^(r) and the 
charge transporters constructed in . We briefly recall their construction. Let 
7i (72) be paths to infinity inside Ai (A2). For each n G N, write 7,(71) for the 
finite path consisting of the first n parts of 7,; , and choose a path 7„ connecting 
the n-th site of 71 with the n-th site of 72, such that the distance of the paths 
7„ to the endpoints of 71 and 72 tends to infinity as n goes to infinity. We 
write 71 (n)7„ 72(71) for the concatenated path. Then the sequence of operators 
-p7i(n)7„72(n) couvcrgcs wcakly to a unitary Vx, the "charge transporter" that 
transports a charge of type X from Ai to A2. In a similar way we obtain a 
unitary Vz by considering paths on the dual lattice. These unitaries will be 
fixed for the remainder of the paper. With this notation, the crucial lemma can 
be stated as follows. 

Lemma 4.1. Let T e with T = Ai U A2. Then 7^(^) is generated by n{T) 
and unitaries Vx and Vz- Here Vx transports a charge of type X from Ai to 
A2, and similarly for Vz- 

The proof of this lemma is done in a number of steps. The essential idea 
is as follows. Let us write A for the von Neumann algebra 7^(r) V {Vx,Vz}- 
Thcn we wiU show that A is the commutant of B := 2t(r^) (hence B' = ^^(r)). 
The problem becomes tractable by first restricting the algebras of interest to a 
subspace of the ground state Hilbert space T-l\. 

Definition 4.2. Let F = Ai U A2 be an clement of C^. We define the subspace 
Hp as the closed linear span of A^, where A is as defined above. 

A subset of Hp whose linear span is dense in Hp can be obtained by taking 
the ground state 17 and create pairs of excitations, where each end of the pair is 
contained in (or at the boundary of) F. It is clear that if both of the excitations 
of such a pair lie in the same cone, there is some path operator G 21(F) 
creating this excitation. With the help of Vx (Vz) it is possible to create 
excitations of type X (Z) that lie in the two distinct cones. To formalise this, 
we first introduce new notation. 

Definition 4.3. Write F = Ai U A2 and fix a path (dual path) ^z i^x) from a 
vertex (plaquette) in Ai to a vertex (plaquette) in A2, see Fig.[TJ Then J^(F) is 
defined as the set of all with ^ G p(F). Similarly, 

-F(r) ■-={F^:Cep{T)U{^x,(z}}- 

In addition we set 

^(F) {Fi...F^:F,eT{T)}, 

and likewise for S^(F). 
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Figure 1: Cones Ai and A2, together with the choice of a path and a dual 
path £,x- 



The choice of (^x and £,z wih be fixed for the remainder of this section. 

Intuitively, the operators in J^(r) create pairs of excitations that are both 
in either Ai or A2, while contains operators that create a pair of excita- 

tions in either cone. Such operators generate the whole Hilbert space Hp, as is 
demonstrated in the next lemma. In particular it follows that the definition of 
this space docs not depend on the specific choice of paths in the definition of 
the unitarics Vx and Vz- 

Lemma 4.4. The space Hp is equal to the closure of the span of '^{T)VL. 

Proof. In the construction of Vz, one considers a path to infinity in Ai, and 
one in A2. Choose a path ^1 in Ai, from the endpoint of the (semi-)infinite 
path in Ai to the endpoint of the path (^x on the boundary of Ai. Similarly, 
we can choose a path ^2 in A2. It follows that the path ^1 U U ^2 connects 
the endpoints of the two semi-infinite paths. By the choice of Vz we have 
F^^F^^F^^Vz^ = n (cf. Lemma 4.1 of E^) and hence VzVL = F^^F^^F^^VL. 
Similarly, VjfO = FiF^^F2^ for suitable path operators Fi,i^2 G ^{^)- 

Next we show that Vx and Vz either commute or anti-commute with a 
given path operator F S -7^(r). Consider a finite path (or dual path) ^ in F 
and let F^ be the corresponding path operator. Then clearly ^^-F^i(n)7„72(n) — 
i^7i(n)7„72(n)^5: and siucc F(^ is local, this sign is the same for all large enough 
n. Hence, by separate weak continuity of multiplication, it follows that 

VzF(^ = w-lim„_>oo-F7i(„)7„72(„)-F5 = ± w-limi^itKyj(„)^^^^(„) ±F(yz. (4.1) 

It follows that FVz ~ iVzF for every F G i?(r). Note moreover that V| = 
= /. The claim then follows, by letting operators of the form FVi with 
F € i?(r) act on il, since these generate a dense subalgebra of ^ = ^(r) V 
{Vx^Vz}. □ 
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Recall that we are essentially studying a commutation problem. With help 
of the next lemma the problem can be reduced to studying operators acting on 
the subspace "Hp. 

Lemma 4.5. The algebras A and B' can be restricted to the subspace H^, and 
each element of these algebras is completely determined by this restriction. 

Proof. It is immediate from the definition of Hp that A can be restricted to 
this subspace. To show a similar claim for B', let B E B'. We will show that for 
C e Hp, we have BC ± r] for all 77 S 7^^. Let C = ^1 ■ • • Ffel^'"^ V|^^^0, where 
Fi e ^(r) and a{x),(j{z) 6 {0, 1}. Note that such vectors span a dense subset 
of %. Let r; = Fi • • ■ F„Fn, with Fi £ J"(r'=) and F e ^(r). 

First note that AsC, = BpC = ( for all ( G Hy and As, Bp elements of 2t(r'=), 
since such operators commute with any F G i?(r). Suppose moreover that there 
is such an Ag such that {Ag, Fi ■ ■ ■ Fk} =0. Then 

ir,,BO = iv,BAsO = {AsV,BO = -{v^BQ, 

hence ry _L B^. The same is true if there is such a Bp. 

If no such As or Bp exist, 77 can only contain excitations at the boundary 
(or inside) the cones F, since otherwise there would be an anti-commuting star 
or plaquette operator in F^. But then in fact ry G Hp. Pairs of excitations in a 
single cone can obviously be obtained in this way, and a pair where one of the 
excitations is in Ai and the other in A2 can be obtained by acting with Vx (or 
Vz) on fl. But this means that rj e Hpl^ 

Finally, note that linear span of vectors of the form Frj, with 77 G Hp and 
F G 5(r'^) is dense in H. Now suppose that Ai and A2 agree on Hp, with 
Ai,A2 in A or B' . Then we have 

AiFr] = FAiTj = FA2I] = A2Fr]. 

Since Ai and A2 are bounded linear operators, it follows that Ai = A2. This 
proves the claim that the operators are determined by their restrictions. □ 

The proof implies that Pp is an clement of B" = TZ{T'^). We will write 
13 := PyB" Py for B" restricted to Hp, and similarly for A. 

The crucial ingredient of the proof of Lemma HTTj is the following result, which 
allows us to invoke a theorem of RiefFel and Van Daele [31] on the commutant 
of von Neumann algebras. 

Lemma 4.6. The linear space {As + iBs)^ is dense in Hp, where As is the 
self-adjoint part of A. 

Proof. By Lemma 14.41 it is enough to show that we can write vectors of the 
form FQ,, with F G -7-'(F), in the desired form. Suppose that we are given 
such a vector 77 = Ff2. Then there are Fi G .7^(F) such that F^ ~ A^ where 
A:= Fi. . . FkY^^'^Wz'^''^ with a{x),a{z) G {0, 1}. Clearly, A G ^ and by the 
commutation properties of the Fi and Vk we have A* = ±A. U A = A* we 
can get real multiples of the vector. In the other case, iA is self-adjoint and 

^The reader who is uneasy with this brief justification is referred to the proof of Lcmma l4.(j| 
for similar considerations, or to the proof of | 27l Lemma 3.6], which is ahke. 
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we get imaginary multiples of 77. To get imaginary multiples (respectively real 
multiples, if A* = —A), consider the case where there is a star s in F such that 
As A = -AAs. Then either iAsA or A^A is self-adjoint, and A^A^l = -AQ. 
Hence we can get real and imaginary multiples of Fft. The case of an anti- 
commuting plaquette operator is handled, mutatis mutandis, in the same way. 

Remains the case where such ant i- commuting stars or plaquettes do not 
exist. Consider for convenience the case A — A*: the goal is to find B G Bg 
such that iBfl = iAfl. Since there are no anti-commuting plaquette and star 
operators inside F, A can only create excitations at the boundary of the two 
cones. Since the path operators always create pairs of excitations, their total 
number must be even. We can then join pairs of these excitations by paths 
in F^, and consider the corresponding path operators Fi g Bg- The question is 
if we can choose the paths in such a way that Yli Fi is self-adjoint. This can 
only fail if there is an odd number of crossings of paths and dual paths, since 
this would lead to an odd number of minus signs when commuting the path 
operators. But this cannot be the case, since it must then follow that A* = —A, 
Bl contradiction. 

To see why this is the case, write B — Y[i Fi. Since A and B commute (by 
locality), we have (AB)* = A*B* = AB* . But B* = ±B, so the conclusion 
follows if we can show that AB is in fact sclf-adjoint. Since by construction all 
excitations are connected to another excitation by paths ^i, there are no free 
excitations left, and AB is a product of path operators corresponding to loops, 
where we regard the case where A contains a factor Vx or Vz as an "infinite" 
loop. Note that for a finite loop the corresponding path operator is a product 
of star or plaquette operators, hence in that case AB is self-adjoint. In the case 
there are "infinite" loops, it follows that AB is the weak limit of a sequence of 
operators corresponding to closed loops, and the result follows by continuity of 
the *-opcration with respect to the weak operator topology. 

The remaining case where A = —A* (and hence iA is sclf-adjoint) is handled 
in a similar way. □ 

This gives us all the necessary ingredients for the proof of the main Lemma 
of this section. 

Proof of Lemma \4-1\ The proof is essentially the same as that of [HI Thm. 3.1]. 
We recall the gist of the argument. By Lemma KE\ and [HTl Thm. 2], A" = B'. 
Let B € ^^(F). Then B restricts to Hp, and its restriction Bp is in B' (c.f. [2H 
Prop. II.3.10]). But this means that B^ = A^ for some A^ e A". This A^ 
is in turn the restriction of some A A. A straightforward calculation shows 
that we must in fact have A = B' , proving that "^(F) C 7^(^) V {Vx,Vz}- The 
reverse inclusion follows from locality and localisation (that is, the fact that the 
Vk transport charges localised in Ai C F to A2 C F). □ 

We now have a description of TZ{T) in terms of 7^(F) and the charge trans- 
porters. It turns out that in fact there is an even more explicit description of 
7?.(F), which clarifies the inclusion Tl{T) C 7^(F). The key point is that we can 
consider the unitarics Vx, Vy and Vz as a representation of some finite group, 
and that these unitarics induce an action on 7?.(F). It turns out that 7^(F) is iso- 
morphic to the crossed product of 7?.(F) by the action of this group. This would 
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follow for example if this action were outer, by [331 Exercise X.1.1], but this is 
not immediately clear. We will therefore give such an isomorphism explicitly. 

Let us first clarify how the charge transporters give rise to an action. First 
of all, without loss of generality we may assume that Vx and Vz commute0 
Let G = Z2 X Z2, and write X = (0, 1), Z = (1,0) and Y ^ XZ = (1, 1) for 
the non-trivial elements of G. Then the map g 1— )• Vg, where Vy ■= VxVz is a 
unitary representation of G. Define ag = Ad Vg . The claim is that this defines 
an action of G on 7^(r). It is enough to show that ag maps TZ{r) into itself, 
since Vg = I then makes it clear that ag is an automorphism. Let ^ be a (dual) 
path in F and write for the corresponding operator. Then VgF^^ = ±F^Vg 
by equation (j4.ip . But these path operators generate a dense subalgebra of 
Ti{T) (in the weak topology), and since AdVg is weakly continuous, it follows 
that ag{TZ{T)) C Tl{T). In the next Lemma wc show that TZ(r) is the crossed 
product of 7?.(r) with respect to this action. 

Lemma 4.7. The algebra 7?.(F) is isomorphic to a crossed product TZ{T) y^aG, 
where G = Z2 x Z2 and a is the action of G on TZlT) defined above. 

Proof. Identify the Hilbert space JC := U «) ^^(G) with 0^^^ H. Since a is 
implemented by g >-> y^, the elements of the crossed product 72.(r) Xq, G acting 
on /C can be identified with matrices [l3l Ch. 13.1] 

/ Ri RxVx RzVz RyVy\ 

^ _ RxVx Rl RyVy RzVz „N 

RzVz RyVy Ri RxVx ' ^ ' 

\RyVy RzVz RxVx Ri j 

with Rk e 7^(^). Define a map $ : 7^(F) x„ G ^ 7^(^) by 

$(X) = Ri + RxVx + RyVy + RzVz, 

where X is as above. It is not difficult to check that $ is a *-homomorphism. 
It is also normal: let p be a normal state on TZ(T). Then there is an orthogonal 
sequence of vectors ^„ S H with J^n = ^ ^^'^ Pi^) = S„(?"'^?n) ^i' 

A e -^(F). Define vectors S„ = ^„ ® © e and F„ = ^„ ® © C« © in /C. 
Then X 1— > ^j^(F„, XS„)ac defines a normal linear functional ip on TZ{T) ytaG. 
But with X again as in equation (|4.2p . one calculates 

ifiX) = ^(C„, [Ri + RxVx + RyVy + RzVz)Un = P o HX), 

n 

hence p o $ is a normal state on TZ{T) x^ G for every normal state p, so that 
<& is normal as well. This implies that its image $(7?.(F) x^ G) is again a von 
Neumann algebra, and from the definition of $ it is clear that this algebra is 
contained in 7^(F). But 7^(F) is the smallest von Neumann algebra containing 
2t(F) U {Vx,Vy, Vz}, hence the result follows if we can show that $ is injective. 

To this end, note that it is enough to show that 7^(F)Vfc n 7^(F)V^ = if 
k I. Recall that F = Ai U A2. Choose a cone A such that Ai ^ A and 

''In the case they anti-commute, wc obtain merely a projective representation. The induced 
action, and hence the crossed product, does not change, but the proof of Lemma 14. 71 would 
have to be adapted. 
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A2 C A^, which can always be done by the definition of C^. Note that by the 
distal split property, TZ{T) = TZ{Ai) ®TZ{A2) . In fact, one can explicitly describe 
a unitary U that decomposes "H in a tensor product of three Hilbert spaces in a 
compatible way j^T]. In essence, there is a map [/:?{—> Hai ® 'H-A'= ® "Ho, with 
UTl{Ai)U* acting on the first component of the tensor product, and UTZ{A2)U* 
on the second component. Here Hai is the closed linear span of 7?.(Ai)r2, and 
Ha'- is defined similarly. In the following wc will write K, = "Hai ® 'Ha'= ■ 

As part of the construction of TLq (and U), one has to choose a path (and 
a dual path) from the boundary of Ai to the boundary of A"^. Without loss of 
generality, we can assume that these paths coincide with or on Af n A. 
Now let Ai G 7^(r), I = 1, 2, and suppose that ^ G K-^Ho- From the properties 
of U cited in the previous paragraph it then follows that there is an 77 G such 
that UAiU*^ (E) rt = rj ^ il. On the other hand, by definition of Ho and the 
unitary U, we have UA2VxU*^ (E) = C ® ^Jx^ ^'^'^ some ( G K. and where 

= n Af n A. But these vectors arc orthogonal. Since this holds for all 
5 G AC, it follows that Ai and A2VX can never be equal. Hence 

n{r)nn{T)Vx = {0}. 

Similarly one can show that TZ{T)Vi D TZ{r)Vj = {0} ii i ^ j. It is then clear 
that $ is injective. □ 

Remark 4.8. It is known that if C 3Jl is a subfactor with finite index, 9JT is a 
finite-dimensional left ^ module see also [101 Prop. 5.7]. The proof gives 
an explicit realisation of this, by showing that every clement of 7?.(r) is of the 
form J2k AkVk with Ak G UiV). 

This explicit description of 72,(r) makes it possible to calculate the index 
[7^(r) : 7^(r)], and hence the global index This results in the main theorem 
of this section: a complete classification of the excitations (as defined in Sect. [2]) 
in the toric code. 

Theorem 4.9. Consider the toric code on the infinite 2D lattice, and write ttq 
for its (unique) ground state representation. Then the global index /Xttq is equal 
to four. Moreover, the model has four distinct irreducible charges, where the 
ground state representation (i.e., absence of an excitation) is considered to be a 
charge as well. 

Proof. By the previous Lemma we have that 7?,(r) = 7?.(r) xIq G. It is well 
known that the index [7^(r) G : 7^(r)] is equal to |G| (see for example [T71 
Example 3.11]). Moreover, it follows from the proofs in this section that in fact 
the choice of cones Ai and A2 is not important, which shows that /ijro = 4. 
In [55] we identified four distinct (equivalence classes of) charges of the toric 
code model. By Theorem 13.61 the second claim then follows immediately. □ 

Note that each charge in the toric code is self conjugate, since p^iA) = A for 
the corresponding localised automorphisms. In particular one finds d{pi)^ = 1 
and J2i d{piY = P-ko as expected from Theorem 13.61 
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5 Non-degeneracy of the sectors 



In the setting above, a braiding can be naturally defined on the class of localised 
and transportable endoniorphisms (c.f. [13 [IH US]). Concretely, if p and a 
are two localised and transportable endomorphisms, this construction assigns a 
unitary operator Ep^a intertwining the endomorphisms p ® a and a (E) p, where 
cr := pocr(f| The tensor product can be interpreted as first adding a charge of 
type (7, and then subsequently a charge of type p. The assignment (p, a) i— >■ Sp^^ 
satisfies all the properties required of a braiding. This has been well-studied 
in the context of algebraic quantum field theory (see for example [7], where 
the occurrence of braid, as opposed to symmetric, statistics is discussed). We 
will be interested in the question how far the braiding is removed from being a 
symmetry (as is the case in a theory with only Bose/Fermi exchange statistics). 

Definition 5.1 ([SDJ)- A localised and transportable endomorphism p is said to 
be degenerate if for any irreducible localised and transportable endomorphism 
a the monodromy is trivial, in the sense that Ep^a ° Co-.p = I- 

This definition only depends on the equivalence class of p, hence it makes 
sense to say that a sector is degenerate. In theories where all charges obey 
symmetric (Bose/Fermi) statistics, the monodromy is always trivial. Hence the 
set of degenerate sectors tells us something about how far the theory is from 
being trivial in the sense that there are no anyonic (or braided) statistics. Note 
that the set of degenerate endomorphisms is always non-empty: the identity 
morphism (corresponding to the absence of a charge) is always degenerate. The 
same is true for direct sums of degenerate morphisms. Here a direct sum of two 
localised (in some cone A) morphisms p and cr is defined by 

{p(Ba){A) Vip{A)V,* + V2(t{A)V^ , 

where £ 7^(A) and V*Vj = S,^jl and ViV{ + = /. A localised en- 

domorphism is said to be trivial if it is a direct sum of copies of the identity 
morphism. 

Another quantity that contains information about the sectors and the braid- 
ing of charges is the modular matrix S (in the sense of Verlinde [34]). Since we 
have assumed the existence of conjugate charges and we can define a braiding, 
the entries of the ^-matrix can be defined in the present setting as well (see for 
example [MJ|3D]). A natural question is if the matrix S is invertible. If S is not 
invertible, the theory cannot be described by a topological quantum field theory 
(c.f. [35J Sect. 4.6]). Here we show that a criterion given by Miiger [24] can 
be generalised to the setting of 2D lattice systems. In the language of category 
theory, this implies that the category of cone-like localisable and transportable 
endomorphisms is a modular tensor category. Such categories, among other 
things, give an abstract mathematical description of the properties of the exci- 
tations that are used for topological quantum computation [35]. 

Physically the absence of non-degenerate excitations can be interpreted as 
follows. For every non-trivial elementary excitation p, there is some other ex- 
citation a such that interchanging p with a twice is a non-trivial operation. 

*More precisely, the endomorphism p actually has to be extended to an auxiliary algebra 
2t^" containing the cone algebras 7^(A). This is just for technical reasons; the details arc not 
important here and can be found in, e.g., 1251 . 
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Alternatively we can think of p being fixed, and a making a full loop around 
a. This implies that the presence or absence of a charge p can be detected by 
pulling a pair of tr and its conjugate charge from the vacuum, circle u around 
some region, and fuse it again with its antiparticle. If a charge p is present in the 
region, this fusion will have a non-trivial result. In this way the presence of any 
charge can be detected. This can be used in topological quantum computation 
to get a readout of the result. 

It is known by a result of Rehren [30] that the two seemingly different con- 
cepts of non-degeneracy, namely non-triviality of the braiding and invcrtibility 
of 5, are tightly related. It turns out that (for theories with finitely many dif- 
ferent charges) S is invertible if and only if all degenerate morphisms arc trivial. 
It is precisely this fact that we will exploit to give a sufficient condition that 
implies that S is invertible. The following lemma is a crucial part. Its proof is 
an adaptation of the proof of [Ml Prop. 4.2] for algebraic quantum field theo- 
ries on the line, to the present situation of 2D quantum spin systems. For the 
convenience of the reader we present the details of the proof. 

Lemma 5.2. Let p he an irreducible endomorphism localised in a cone Ai. 
Suppose that A2 is a cone such that Ai <^ A2 be two cones and the opening 
angle 0/ A2 is bigger than that o/Ai. If for every such cone A2, p acts trivially 
on 7?.(Ai)'n7?.(A2), then p is inner, in the sense that it is a direct sum of copies 
of the trivial representation. 

Proof. Choose a cone A such that A2 ^ A. Then by the distal split property 
there are Type I factors 91i and D^2 such that 

TZ{Ai) cmic 7^(A2) c % c n(A). 

Let A 6 Crti and B G Ci Tl{A). Then by the assumptions of the Lemma, 
it follows that p{B) = B and by localisation and Haag duality that p(*Jti) C 
7^(A2), hence 

p{A) e {m[ n TZ{A)Y n fn2 c {% n ^2)' n 9T2 = aii, 

since the are Type I factors. Hence p restricts to an endomorphism of D^i 
and therefore there is an (at most countable) collection of isometrics Vi £ 91i 
(by [lU Cor. 3.8]) with pairwise orthogonal ranges, such that J2i ^i^* = ^ ^nd 

p{A)^^{A) ■.^Y.^.Av: 

i 

for ah y4 e *Tti. By assumption j]{A) = A for each A e 7^(Al)' n TZ{A2). By 
multiplying on the right by Vi for some i it follows that 

V, e (7^(Al)' n n{A2)y n Dii = 7e(Ai). 

It is clear that 'i]{A) can be defined also for all A G 7?.(Ai)' ~ TZ{A'^), and it 
then follows that 77(A) = A = p{A) for all A € ^{A^). Since they also agree on 
2t(Ai) by construction of 7], it follows that 77 = p on all of 21. □ 

Note that in the case of spin systems it is easier to conclude that p = 77 on all 
observables, essentially because we have to deal with complements of regions. 
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Figure 2: Two cones Ai ^ A2. The region n A2 is subdivided into two 
truncated cones A^ (dashed region) and a remaining part Ayi„ (dotted region) 
consisting of only finitely many sites. The finite region is chosen to be as big 
as necessary to apply the split property to the truncated cones in the shaded 
regions, i.e., Ai U A2 G 0^,.. 

instead of spacelike complements. In [5] the time slice axiom was used to make 
a similar conclusion. In the present situation we can view the plane as the t = 
"time slice" , and this already completely determines the system. 

In the proof the condition that the opening angle of A2 is bigger than that 
of Ai is not used. It will be important in the following, however. As remarked 
before, the properties of Haag duality and the distal split property do not cru- 
cially depend on the cone shape. We will henceforth assume that they also hold 
for truncated cones as in Figure [S] An inspection of the proofs in |27j shows that 
this is the case for the toric code. The set of pairs of truncated cones Ai U A2 
such that the split property holds for TZ{Ai) V TZ{A2) will be denoted by Cf^. 

Theorem 5.3. Suppose that for all cones Ai and A2 such that Ai <C A2 and 
AI n A2 can be written as the union of some F = Ai U A2 € Cf^ and a finite 
region Afin (see Figure\^, the algebra TZ{T'^y is generated by TZ{Ai), TZ{A2) 
and the set T of charge transporters from Ai to A2 (and vice versa), then each 
non-trivial sector is non-degenerate. If there are only finitely many (equivalence 
classes of) charges, the modular matrix S is invertible. 

Proof. Let p be an irreducible endomorphism localised in some cone A. Let Ai 
and A2 be as in the premises. Then by [241 Lemma 3.2], the proof of which 
carries over almost verbatim to the present situation, p is degenerate if and 
only if p{V) = V for each charge transporter V from Ai to A2 (and vice versa). 
By localisation, and since p is normal when restricted to 7^(A) for any cone A, 
it follows that p acts trivially on p(Ai) and p(A2). By localisation it also acts 
trivially on 2l(A/i„), and by the assumptions on the charge transporters T as 
well. It follows that p acts trivially on the algebra 

7e(Ai) v7e(A2) v2i(A/,„) vr. 

By assumption this is equal to 7^(F'^)' V 2t(A/i„). 
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To proceed, note that TZiT") ~ 2l(A/,„) ® TZiT" \ A/„), since 2t(A/„) is 
a finite Type I factor. By tlie same reason tlie Hilbert space 7i on wliicli tlie 
von Neumann algebras act can be decomposed as 7ii (81 7^2, wliere 2t(A/i„) ~ 
/ ® S(?^2)- It follows that 

7^(^^) n a(A/„)' ~ 7^(r \ A/„) ® 2t(A/„) n <b(-«i) ® / = 7^(r \ A/„). 

Note that the region \ A/i„ = Ai U Aj. By the distal split property it follows 
that 7^(^'= \ Af,n) ~ n{Ai) V 7e(A§). Hence by Haag duality 

7e(r \ A/„o' = in^i) V 7^(A2)')' = 7^(Al)' n 7^(A2). 

By Lemma l5.2l it then follows that each degenerate irreducible endomorphism is 
trivial. The last claim then follows by a result of Rehren [30] , who proved that 
S is invertiblc if and only if the only degenerate cndomorphisms are trivial. □ 

This gives an alternative proof that in the case of the toric code the cor- 
responding category of localised cndomorphisms is modular. Of course that 
already follows since by Theorem 14.91 and pSl Thm. 6.2], together with the 
well-known fact that the category of representations of the quantum double of 
a finite group is a modular tensor category (see e.g. [5], or (5^1 Ch. 5] for a 
proof by showing that the centre of the category, that is the full subcategory 
of degenerate objects in the sense of Definition 15. 1[ is trivial). However, this 
criterion may be of use in models for which the full category of cndomorphisms 
is not known. 
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